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1. Introduction 

Since a class of infinite dimensional simple Lie algebras were introduced by Block [I], 
generalizations of Lie algebras of this type (usually referred to as Block type Lie algebras) 
have been studied by many authors (see, e.g., pUBHEHUQBflBlCSfflBJS). Even so, the 
; representation theory for Block type Lie algebras is far from being well developed, except 
for quasifinite representations of some particular Block type Lie algebras (see, e.g., fl~2T - 
CEH[T6]). F° r example, the author of p2],[T3] studied the representations of the Block type 
Lie algebra B with basis {L a c | a, i G Z, % > — 1} over C and relations 

K 

[L a ,i, Lpj] = (/3(i + 1) - a(j + l))L a+(3ji+j + a6 a +/3,o8i+j,-2C, [c, L a>i ] = 0, (1.1) 

for a, (3 G Z, i,j > —1. The author of [16] studied representations of the Block type Lie 
algebra 13(1), which can realized as a special case of Block type Lie algebras considered in 
this paper. The author of [14] presented some results on the classification of quasifinite 
representations of Lie algebras related to the Virasoro algebra, including some Block type 
Lie algebras. 

In this paper, we study systematically representations of Block type Lie algebras for 
a class B(q) (not only for a single algebra) with parameter q being a nonzero complex 
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number, where B(q) has basis {L a ^, c \ a, i £ Z, i > 0} over C and relations 

Q! — 

[L a}i , L^j] = (/3(i + q) - a(j + q))L a+ ^ i+j + ^ a+y3;0 ^+j,o c, [c, L Qji ] = 0. (1.2) 

Note that the Lie algebra B(0) is in fact a half part of the well-known Virasoro-like algebra, 
and B{1) is the Block type Lie algebra studied in [IE] . 

The Lie algebra <6(g) has a natural Z-gradation B(q) = ® a eiB(q) a with 

B(q) a = span{L Q , ) i | a, z £ Z, z > 0} © 5 a; oCc. (1.3) 

Definition 1.1 (1) A module V over B(q) is called 

• Z-graded if V = ® a &Va and B(q) a Vp C V^ +/ 3 for all a, 

• quasifinite if it is Z-graded and dim\^ < oo for all /3; 

• uniformly bounded if it is Z-graded and there is N > with dim Vp < N for all /?; 

• a module of the intermediate series if it is Z-graded and dim^/g < 1 for all /3; 

• a highest (resp., lowest) weight module if there exists some A £ $(?)o (the dual 
space of 25(g) ) such that = V(A), where V(A) is a module generated by a 
highest (resp., lowest) weight vector v\ £ V(A) , i.e., t>A satisfies 

/it>A = A(/i)i>a for h £ B(q)o, and i3(g) + ^A = (resp., B(q)-V& = 0), 

where B(g)± = © ±a>0 £(g) Q (cf. Q). 
(2) A nonzero vector v in a Z-graded module V is called singular or primitive if i3(g) + w = 0. 

When we study representations of a Lie algebra of this kind, as pointed in [H[T0l[T5], we 
encounter the difficulty that though it is Z-graded, the graded subspaces are still infinite 
dimensional, thus the study of quasifinite modules is a nontrivial problem. As stated in 
[T6] . an important feature that B(q) defined in ( 11. 2p is different from B defined in ( 11. ip 
is that contains the subalgebra Vir isomorphic to the well-known Virasoro algebra, 
where 

Vir = span{L a , k \ a £ Z}, L a := q~ L a> o, k := q~ 2 c, (1.4) 

Or — OL 

[L a , Lp] = (f3 - a)L a+p H ^— 5 a+(}fi K, [«, LJ = 0. (1.5) 

The authors of [H] studied structures of i3(g) = B(q)/Cc with g being a positive integer. 
We point out here that the results (T9l Theorems 2.7, 3.1 and 4.1], including automorphism 
groups, derivation algebras and central extensions, of B(q) for < q £ Z still hold for 
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q G C\(t|Z_U |Z_), since in case q G C\(|Z_U |Z_U Z + ), many coefficients containing g 
will become invertible. In addition, 23(g) 's are distinct from each other for different positive 
rational number g's, namely, 

B( qi ) = B{q 2 ) <=^> gi = q 2 for qi ,q 2 eQ* + . 

Furthermore, for any 1 < g x < q 2 G Z with q±\q 2 , we find the following interesting relations: 

B(eq 2 r ) £ ^(egf 1 ) ^ 23(e) ^ B(egi) y 23(eg 2 ), where £ = ±1. (1.6) 

More precisely, 23(e) contains the subalgebra with basis {q± L a!qii | a G Z, i G Z + } isomor- 
phic to 23(eg ] ~ 1 ), and B(eq 2 ) contains the subalgebra with basis {q 2 L a>q2i | a G Z, i G Z + } 
isomorphic to 23(e). 

Moreover, 23(g), 23(g~ x ) with < g G Z are related to the well-known ^-infinity Lie 
algebra Woo in the following way: Recall that the W^-infinity Lie algebra Wi+oo is defined to 
be the universal central extension of infinite dimensional Lie algebra of differential operators 
on the circle, which has basis {x a D\ c \ a G Z, i > 0} with D = and relations 

[x a D\ x?D j ] = x a+p {{D + PYD j - D\D + af) + 5 a+ p, Q (-iyiij\ 

Then the jy-infinity algebra Woo , the universal central extension of infinite dimensional Lie 
algebra of differential operators on the circle of degree at least one, is simply the subalgebra 
of Wi + oo spanned by {x a D\ c \ a G Z, i > 1}. If we define a natural filtration of Woo by 

{0} = (Woo) [-2] C (Woo)[-i] C • ■ • C Woo, where 

(Woo)[-i] = Cc, (Woo)[n] = span{x a L>\ c | a G Z, 1 < i < n + 1} for n > 0, 

then 23(1) is simply the associated graded Lie algebra of the filtered Lie algebra Woo- So 
roughly speaking, 23(g) contains (reps., 23(g _1 ) lies in) the associated graded Lie algebra 
of Woo by the fact (II. 6p . As stated in (TUJ [T21 ITS] , the W- infinity algebras arise naturally 
in various physical theories, such as conformal field theory, the theory of the quantum 
Hall effect, etc.; among them the Woo algebra and Wi +00 algebra, of interest to both 
mathematicians and physicists, have received intensive studies in the literature. Due to the 
importance of the jy-infinity algebra Woo, motivated by (11.61) . it is very natural to post 
the following question, which seems to be interesting to us. 

Question 1.2 Do there exist Lie algebras W(g) for q G Z + or g _1 G Z + such that W(l) = 
Woo and W(g 2 _1 ) £ Wfe" 1 ) £ W(l) £ W(gi) £ W(g 2 ) for 1 < q x < q 2 G Z and q x \q 2 . 
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Because of the facts stated in the statements before (jl.4p . one may expect richer results 
in the representation theory of B(q). Motivated by a well-known result of Mathieu's in [6] 
(see also [3 [9]), it is very natural to consider the classification of quasifinite irreducible 
i3(g)-modules. Our first main result is the following theorem (the analogous results to this 
theorem for the Virasoro algebra, higher rank Virasoro algebras, jy-infinity algebras, and 
some Block type Lie algebras were obtained in [5l[6l [l^HT3l[T5l[T6] ). 

Theorem 1.3 A quasifinite irreducible B(q)-module is either a highest/lowest weight mod- 
ule, or a uniformly bounded module. 

Our second main result is to give a classification of quasifinite irreducible highest weight 
modules. To state the result, we need to introduce the generating series: For any function 
A G B(q)l (the dual of B(q) ), we set labels A; = A(L 0i ) for i > 0, and define the following 
generating series with variable z, 

A A (z,q) = 2g£-A, + E-pAm = A((2g + zt)Ve*). (1.7) 

We would like to mention that our generating series A^(z, 1) corresponding to the Lie 
algebra B(l) is different from that given in |16j . Then our second main result below also 
recovers those stated in [16] for quasifinite irreducible £>(l)-modules. 

Theorem 1.4 Let L(A) be an irreducible highest weight module over B(q) with highest 
weight A G B(q)o- Then L(A) is quasifinite if and only if A\(z,q) is a quasipolynomial. 

Our final main result is to give a classification of irreducible modules of the intermediate 
series. To state the result, let us recall (e.g., [HI El [9j E]) that an indecomposable module 
of the intermediate series over Vir is one of A a b , A a , B a , a, b G C, or their subquotients, 
where A a ^, A a , B a all have a basis {v^ | fi G Z} with the trivial action of c and 

A a ,b- L afi v,i = q(a + fj. + ba)v a+ll , (1.8) 
A a : L^oVfj, = q(fi + a)v a+fl (fi ^ 0), L afi v = qa(a + a)v a , (1.9) 
B a ■■ LafiVfi = q/iv a+fl (fi ^ -a), L afi V- a = -qa(a + a)v , (1.10) 

for a, n G Z (note that we have the factor " q " on the right-hand sides because of notation 
(ll.4p ). We use A' 01 to denote the nontrivial subquotients of Aq^. Then a nontrivial irre- 
ducible Vir-module of the intermediate series is isomorphic to either A' 1 or A a o (a ^ Z or 
b 7^ 0, 1) with the trivial action of c and 
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A' Q1 = span{?; M | fi G Z*} : L afl v^ = q(^i + a)v a+ ^ (1.11) 
A a>h = span{u /Lt | // G Z} : L a)0 ^ = <?(a + /i + 6a)w Q+A1 . (1-12) 

Obviously 1 or A aj & is also an irreducible £>(g)-module of the intermediate series (still 
denoted by A' Q l or A a ^) by extending the actions of L a ^ with i > 1 trivially, namely 

La^Vfj, = for a,j 6 Z, j > 1. (1-13) 

If g G |Z* , for any s G C, by replacing the actions (11 . 13[) by 



r st^ if (a,z) = (0, -2g), 

= { (1-14) 
I if % > 1 and (a,i) ^ (0,-2g), 

we obtain an irreducible S(g)-module of the intermediate series, denoted by A' 0l (s) or 
A a ,b(s). Furthermore, if q = —1, for any s,t G C, the Vir-module A aj b can be defined as a 
l)-module, denoted by A a jj(s,t), by replacing f l 1 . 1 3 j) by 

{svp if (a,z) = (0,2), 
tv a+fl if 2 = 1, (1.15) 
if i > 2 and (a,i) + (0,2). 

Now we can state our final main result below. 

Theorem 1.5 Let V be an irreducible B(q)-module of the intermediate series such that it 
is nontrivial as a Vii-module. 

(1) Ifq<£ \Z*_, then V ^ A' Q1 or A a<b (a <£ Z or b ^ 0, 1). 

(2) If q G 1Z1\{-1}, then V ^ A' 0A (s) or A a , 6 (s) (a £ Z or 6 ^ 0, 1), s G C. 

(3) I/ ? = -1, then V = A' 01 (s) or A aib (s,t) (a ^ Z or b ^ 0, 1), s,t G C. 

Thus in particular, one sees that an irreducible £>(g)-module of the intermediate series 
for q G o^-> different from others, can be a nontrivial extension of a Vir-module of the 
intermediate series. 

Based on Theorem 11.31 and results stated in [7] (see also Proposition 14.1 p . it is very 
natural to conjecture that an irreducible uniformly bounded S(g)-module is a module of 
the intermediate series. Namely, 
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Conjecture 1.6 A quasifinite irreducible B(q) -module is either a highest/lowest weight 
module, or a module of the intermediate series. 



Throughout the paper, q is always assumed to be a fixed number in C*. We use C, 
C*, Z, Z*, Z + , Z^_, Z_ and Z*_ to denote respectively the sets of complex, nonzero complex 
numbers, integers, nonzero, nonnegative, positive, nonpositive and negative integers. 

2. Proof of Theorem [TT3l 

We can realize the Lie algebra B(q) in the space C[x,x _1 ] © t q C[t] © Cc with the bracket 

[x7(t),A(*)]=^ + ^-W(^^ (2-1) 

for a, (3 E Z and f(t),g(t) E t q C[t], where the prime stands for the derivative 4, and 
Rest/(t) stands for the residue of /(£), namely the coefficient of t _1 in /(i). We always 
denote 

La % — — x . (2.2) 

Thus (12.1 p is equivalent to ( II. 2p . Using the gradation ( II. 3p . we introduce the following 
notations for j3, 7 E Z, 

/3<a< 7 

and similarly for £>(g)[/3 i+00 ), B(g , )[ i a i7 ) and so on. Putting B(q)± = Q)± a >oB(q) a , we have 
the following triangular decomposition: 

B(q) = B(q)„®B(q) (BB(q) + . (2.3) 

Note that B(q)o = t q C[t] © Cc is an infinite dimensional commutative subalgebra of B(q) 
(but not a Cartan subalgebra). 

Now suppose V = ®^iV^ is a quasifinite £>(g)-module. Taking fi E Z*, since c|y MQ 
(the action of c on V^ ) and t q+l \y m for z G Z + are linear transformations of the finite 
dimensional subspace V po , there exists big enough fixed integer p such that the operators 
c|y , t 9 |y , • • • ,t q+p ~ 1 \y iio are linear dependent for all p > pq. Therefore, for any p > p , 
there exists f p {t) E B(q)o of degree q + p — 1 and m p E C such that 

(f P (t) + m p c)v = for v E V„ . (2.4) 

Define the Lie subalgebra £(q, /Iq) of B(q) as follows 

[x'^t 9 , x~^t q+ \ x~^°t q+2 , x~^ +1 t q , f p (t) +m p c\p> p ) if fio < -1, 
[x'^t 9 , x-" t q+1 , x~^°t q+2 , x'^'H 9 , f p (t) +m p c\p> p ) if fio > 1, 



£(9,^o) 



where the angle bracket ( , ) stands for "the Lie subalgebra generated by" . 

Lemma 2.1 For any s > 1, and fixed /io G Z* ; we have 

(1) if fiQ < —1, then there exists a s G such that £ a t 9+,s_1 G£(g, /io) for all a > a s ; 

(2) if Hq > 1, then there exists a s G Z* such that x a t c/+,s ~ 1 G £(q, /i ) /or a// a < a s . 

Proof. We only prove part (1) by induction on s (part (2) can be proved similarly). In 
case s — 1, Remark 12.21 below shows that, for any integer a > (1 — Ho) 2 , there exist two 
positive integers fci, A; 2 such that 

a = &i(l - fi ) - k 2 fi . (2.5) 
Letting z\ = x~ tl0+l t q , z 2 = x~^°t q , using (12. ip and by induction on k±, k 2 , we obtain 

ad^ad*^) = g fcl+fc2 ^fi(-(^ " 1)/^ + i - 2) "fiV^i + J - 1)^ + ^iK* 9 - (2.6) 

i=i j=i 

Note that the coefficient of x a t q on the right-hand side of (I2.6P is nonzero. Hence, x a t q G 
£(q,Ho). Now suppose s > 1, and inductively assume that there exists an integer 
such that x a t q+s ~ 2 G £(g,/io) for a > We denote r a ^ q = a if s = 3, q = —1, or else 

r a, q = /-to(2<7 + s — 1) + a(q + 1). We can always choose big enough a' s such that r a>q ^ 
whenever a > a' s . Now take a s = max {a s _i — /io, then for all a > a s , we have 

—[x a+ ^t q+s - 3 ,x-^t q+2 ] if s = 3, q = -1, 

ra ' q 

[x Q+W) t ,?+m - 2 , aT" ^ 1 ] else, 

r a,q 

which shows x a t q+s ~ l G £(q,Ho). Part (1) is proved. □ 

Remark 2.2 The lower bound (1 — /io) 2 of a for case s = 1 in the above lemma is more 
precise than that for a quasifinite £>(l)-module given in [IB], which can be deduced as 
follows: For any a > (1 — /io) 2 , we denote k = [jzrz] (the integral part of Then 
A; > 1 — /io? an d two integers 

fci := a + (k + l)/i > fc (l - /i ) + (&o + 1 )/•*() = &o + A*o > 1, 
fc 2 := (/c + l)(l-Mo) - a > 0, 

satisfy (123]) . 
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Lemma 2.3 Let V = ©^gzV^ be a quasifinite irreducible B(q) -module. 

(1) If Ho < —2, and there exists ^ v G V^ satisfying B(q)[ at+oo )V = /or some a > 0, 
then V has a highest weight vector. 

(2) If Ho > 2, and there exists 7^ t> G V^ satisfying B{q)^ 00<a yVQ = /or some a < 0, 
i/ien V /ias a lowest weight vector. 

One can prove this lemma in a similar way as in [THi H21 EES] , arid the details are omitted. 

Proof of Theorem \1.3[ Assume that V = ffi^ez^ is a quasifinite irreducible z3(g)-module 
without highest and lowest weight vectors. We should prove that 

f 3dimVb + dimVi if h < ~ 2 , 
dimV^ < <^ (2.7) 
[ 3dimVo + dimV"_i if /x > 2. 

For fixed /xq < —2, we claim that the following linear map is injective: 



e 



x~^°t q © x~^°t q+1 © x~^°t q+2 © x _/i0+1 t g ^ 



Otherwise there exists / % 6 V^ such that O~ o (t> ) = 0, which implies that x'^f 1 , 
x~^°t q+1 , x~^°t q+2 and x _At0+1 t l? take u to zero. On the other hand, (f p (i) + m p c)v = 
for p > p by ( 12. 4(1 . Hence, by definition, 

^0)^0 = 0. (2.8) 

Applying Lemma 12.1( 1). for any 1 < p < poj there exists some positive integer a p such 
that x a t q+p ^ 1 G £(g, /x ) for a > a p . Denote T = maxjai, a 2 , . . . , a po _i}. Then x a t qJrP ~ l G 
£(q,Ho) for 1 < p < po, a > T. Furthermore, for p > p Q , a > T, we have 

x a tf' p (t) = --[x a t q ,f p (t)+m p c\ G C(q,Ho). (2.9) 

a 

Taking p = p + i in (12.91) . noting that deg/ p (£) = q +p — 1, we have x a t 9+Po+i_1 G £(g, /xo) 
for a > T, z G Z+. Therefore a; Q: t' ?+p_1 G £(q, Ho) for p > 1, a > T, namely, 

i3(g)[r, + oo)C£(g,/xo). (2.10) 

By ( 12.81) and ( 12.101) . B(q)\r,+oo) v o = 0. Then Lemma [2737 1) shows V has a highest weight 
vector, which contradicts our assumption. Thus the map O~ o is injective, which implies 
dimV^ < 3dimVb + dimVi if /x < —2. 



S 



Similarly, one can derive dimV^ < 3dimVo + dim VI i if \x > 2 by Lemma 12.1( 2) and 
Lemma [2.3( 2). Denote N = max{3dimVo + dimVi, 3dimVo + dimVLi}. Then dimV^ < N 
for fj, G Z, namely V is a uniformly bounded £>(g)-module. This completes the proof. □ 

3. Quasifinite highest weight modules 

In this section, we start with general settings on parabolic subalgebras of Z-graded Lie 
algebra. Following [3j HJ [121 E2]> after giving some descriptions of parabolic subalgebras 
of B(q), we use the results to characterize the irreducible quasifinite highest weight B(q)- 
modules by generating series. 

Definition 3.1 Let C = ® a ei^-a be a Z-graded Lie algebra. 

(1) A subalgebra V of C is called parabolic if it contains £ © £+ as a proper subalgebras, 
namely, V = ® a &Pa with V a = C a for a > 0, and V a ^ {0} for some a < 0. 

(2) Given / a 6 £_i, we define a parabolic subalgebra V(a) = © Qe z'^ , (a)« of C as 
follows: 

C a if a > 0, 

P(a) Q = -j span{[. . . , [£ , [£ ,a]] • • •]} if a = -1, (3.1) 
k [P(a)_!,P(a) a+1 ] if a< -2. 

(3) A parabolic subalgebra "P is called nondegenerate if "P a has finite codimension in £ Q 
for all a < 0. 

(4) A nonzero element a G £_i is called nondegenerate if "P(a) is nondegenerate. 
A Verma module over -B(g) is defined as the induced module 

M(A) = U(B{q)) ®uW q ) oB{«) + ) C ^A for A e B (?)o> 

where C^a is the one-dimensional £>(g)o © £>(g) + -module given by (h + n)(v\) = A(h)v\ for 
h G B(q)o,n G <B(g)+ (cf. (12.31) ). Here and further U(jC) stands for the universal enveloping 
algebra of a Lie algebra C Then any highest weight module V(A) is a quotient module 
of M(A) and the irreducible highest weight module L(A) is the quotient of M(A) by the 
maximal proper Z-graded submodule. 

Define a parabolic subalgebra V(q,a) = ® a & , zP{.q ) Oj) a of B(q) as in (13.11) . where ^ 
a G By [31 Lemma 2.2], V(q,a) is the minimal parabolic subalgebra containing a 

and 

B(g, a) := B(g) n [V{q, a),V{q, a)] = [a, B^]. 
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Write a = x~ l f{t), then we have [a,xg(t)\ = [x' 1 f(t), xg(t)} = (f'(t)g(t) + f(t)g'(t))t 1 - q 
for g{t) G i 9 C[i], which implies 

B(q,a) Q = spanHf^g^yt^lgit) G t q C[t}}. (3.2) 

Let A G B(g)o be such that MB(q) r\[P(q),r(q)] — 0. Then the B(q) © Z3(g) + -module Cv\ can 
be extended to be a P(g)-module by letting V(q) a take v\ to zero for a < 0. We construct 
the following highest weight £>(g)-module 

M(V(q),A) = U(B(q)) ®u{V{ q) ) Cv A , 
which is called the generalized Verma module. 

Lemma 3.2 Let V(q) = @ a &P{(j)oi be a parabolic subalgebra of B(q). 

(1) There exists an nonzero element ^ a G B(q)-i such that V(q,a) C V(q). 

(2) For any a < 0, the subspace V(q) a is nontrivial, and has finite codimension in B(q) a . 

(3) V(q) is nondegenerate, and any nonzero element ^ a G B(q)-\ is nondegenerate. 

Proof. (1) By definition, there exists at least one a < such that V{q) a ^ {0}. We claim 
that V(q) a +i 7^ {0} if a < —2. Otherwise [V(q) a ,B(q)i] = 0. Since a < 0, we can easily 
choose some positive integer j such that k a = (q + i) — a(q + jo) 7^ for i G Z + . Taking 
any 0^6 = J^ier hx a t q+l G V(q) a , where 7 is a finite subset of Z + and 6j G C, we have 

= [b,xt q+1 °] = \j2biX a t q+i ,xt q+j0 ] = Y,bik a x a+ H q+i+] \ (3.3) 
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which implies 6, = for i G /, i.e., 6 = 0, a contradiction. This proves the claim. Therefore 
^(qO-i 7^ {0} by induction. Taking any nonzero element a G V(q)^\, we have V(q,a) C 
by the minimality of 7 ? (q f , a). 

(2) We shall use induction on a < to show V(q) a 7^ {0}. The case a = — 1 is proved 
in (1). Now suppose V(q) a 7^ {0} for some a < —1. For 7^ x a f(t) G V(q) a , we have 

a(g + z) 

Let Z\ := x a fi(t) G V(q) a and 22 := x~ l f'2{t) G V{q)-\ be any nonzero elements. Then 
2:3 := [21,22] G V{q) a -i- If 9 7^ — 1) then (13. 4p with z = 1 implies z 3 t G V(q) a -i, z 2 t G 
"P((/)-i, and so 

ax a ~ 1 f 1 (t)f 2 (t)t 1 - q = z 3 t - [z x , z 2 t] g 7>(g)«-i, 
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which is clearly a nonzero element. If q = — 1, then (13. 4p with i = 2 implies z%t 2 G 
V{q) a -i, z 2 t 2 G V{q)-x, and so 

2ax a ~ 1 f 1 (t)f 2 (t)t 3 = z 3 t 2 - [z u z 2 t 2 ] G V{q) a -!, 

which is clearly a nonzero element. Thus by induction, V(q) a ^ {0} for all a < 0. This 
together with ( 13.4}) immediately implies that V(q) a has finite codimension in B(q) a . 

(3) By definition, V(q) is nondegenerate by (2). In particular, V(q,a) is nondegenerate 
for any nonzero element ^ a G namely a is nondegenerate by definition. □ 

Using (13. 3p . Lemma [3.21 and [31 Theorem 2.5], we have the following lemma. 

Lemma 3.3 The following conditions on A £ <B((/)o are equivalent: 

(1) L(A) is quasifinite; 

(2) there exists an element O^oG B(q)^\ such that A(£>(g,a)o) = 0; 

(3) M(A) contains a singular vector a • v\ G M(A)_i (c/. Definition \1.1\ 2)). where 7^ 
a G 

(4) t/iere exists an element ^ a 6 such that L(A) is an irreducible quotient of 
the generalized Verma module M(V(q,a),A). 

Assume that L(A) is a quasifinite irreducible highest weight module over B(q). By 
Lemma 13. 3[ there exists some monic polynomial f(t) G t q C[t] such that (x _1 /(*)) u a = 0. 
We shall call such monic polynomial of minimal degree, uniquely determined by the highest 
weight A, the characteristic polynomial of L(A). 

Recall that a quasipolynomial is a linear combination of functions of the form p(z)e az , 
where p(z) is a polynomial and a G C. A well-known fact [3ll4l [T2T[T4] stated that a formal 
power series is a quasipolynomial if and only if it satisfies a nontrivial linear differential 
equation with constant coefficients. 

Proof of Theorem \1.4\ Clearly, f(t)e zt = f{-§-)e zt for f(t) G C[t], here and further we use 
notation e zt = X^oIT^ as a generating series of C[t\. For any f(t) G £ 9 C[£], we denote 
f(t) := t~ q f(t) G C[t], then f(t)e zt = f(^)(t q e zt ). Recalling that the prime stands for the 
partial derivative J^, we have 

AK/cotv*)'* 1 -*) = A ((7(f)(tV))V-^) 

= ^(7(^)(2gt 2 "- 1 e z * + zt 2<? e rf ))t 1 -") 

= M )A((2q + zt)t q e zt ) = 7(£)A A (z, <f). (3.5) 
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If L(A) is quasifinite, then by (13. 2p and Lemma r3.3( 2) there exists a polynomial 7^ f(t) E 
t q C[t] such that A((/(t)^(t)) / t 1 " 9 ) = for all g(t) E fC[t]. Taking = t q e z \ by fl33|) . 
we have f{4-)A^{z,q) = 0, which implies that A\(z,q) is a quasipolynomial. 

Conversely, if A\(z,q) is a quasipolynomial, then there exists a polynomial 7^ E 
C[t] such that )A A (z,g) = 0. Denote /(t) = t q h(t) E t«C[t], then f{f z )A A (z,q) = 0. 
By (I3.5p . we have 



= A((/(t)tV*)'t 



(/ 00 7 « \ / \ 00 7 i 



which implies A((f(t)ti +i )'t 1 ~ (1 ) = for % E Z+. Hence A((f(t)g(t))'t 1 - (1 ) = for e 
£ 9 C[£] and thus L(A) is quasifinite by (13.2p and Lemma l3~37 2). □ 

4. Intermediate series modules 

Suppose V = (B^zV/j, is an irreducible uniformly bounded £>(g)-module which is nontrivial 
as a Vir-module. For any a E C, we let 

V[a] = ©V M [o], where V^[a] = {f G L , f = + a)v}. 

By (ll.2p . one can check that V[a] is a £>(g)-submodule, which is a direct summand of V. 
Thus V = V[a] for some fixed a E C, namely, 

V=®V ll , where V ll = V li [a]- (4- 1 ) 

A*ez 

Note that, regarding as a Vir-module, is also uniformly bounded. Therefore, by the 
results of [7J [9j [IT], we have the following proposition. 



Proposition 4.1 If V is an irreducible uniformly bounded B(q) -module as in Q^.ip , then 



there exists a non-negative integer N such that dim V^[a] = N for all fi E Z with /i + a^O. 

The following result is well-known (cf. (Il.8p - fll.10p ). 

Lemma 4.2 Lei V = ffi^ez^Ja] be a reducible Vir-module of the intermediate series, then 
V is isomorphic to one of A a , B a or A' 01 © Cv as a direct sum of Vir -modules. 

The following lemma seems to be crucial in obtaining Theorem 11.51 



12 



Lemma 4.3 An irreducible B(q)-module of the intermediate series V remains to be irre- 
ducible when regarded as a Vir-module. In particular, V remains irreducible as a £>(| )- 
module for any k G Z+. 

Proof. The second statement follows from the first since Vir C ). We prove the first 
statement in two cases. 

Case 1: q ^ — 1. 

If the statement is not true, then there exists a proper irreducible Vir-submodule M. 
First suppose M = M is trivial. Then L^qMq = 0, L 0ti M C M . Since B(q) is generated 
by {L a fi, Lo,i | a, i G Z, % > 1}, we see M is a proper £>(g)-submodule, a contradiction with 
the irreducibility of V. 

Now suppose M is nontrivial, which has to have the form (11. 111) . Thus M M := MflV^ = 
if fi 7^ and Mo = 0. Then for any a, fi G Z and z G Z + , 

Lo^Mo = 0, L afi M_ a = and L a>i M^ C V^ +(U = M Q+M if ^ -«. (4.2) 

Furthermore, for a ^ 0, we have 

ct(g + i)L a ^M- a = [L a ,o, L ,j]M_ a = L afi L 0)i M^ a - L 0ti L afi M„ a = 0, (4.3) 

where the last equality follows from (I4.2p . Since q ^ —1, (14.21) and (14.31) in particular imply 
L a i M C M for all a,i with z < 1. Since B(q) is generated by {Lq,^ | a, z G Z, < i < 1}, 
we see M is a nontrivial proper £>(g)-submodule, a contradiction with the irreducibility of 
V. So, V is an irreducible Vir-module of the intermediate series. 

Case 2: q = —1. 

Suppose V becomes reducible when regarded as a Vir-module, which is isomorphic to 
A a , B a or A' 01 © Cvo by Lemma [4.2[ We should show the following claim, which leads to 
a contradiction. 

Claim 1 Cv is a submodule or a quotient module of V 

Since £>(— 1) can be generated by {L x :1 , L 0i2 , L a \ a G Z}, it suffices to determine the 
actions of L 1A and L , 2 - Suppose L^iV^ = e a ^v a+ ^ L^v^ = f a ^v a+li , and write e hfl = e M , 
fo,» = ffi for short. 

Subcase 2.1: V = A a as Vir-modules. 

We prove that e M = for 0, and f ^ is a constant. Then, together with (II. 9p . 
it is easy to check that Ct>o is a quotient module of V (thus Claim 1 holds). Applying 
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L a>1 = [L lt i, L a - 1)0 ] to Vp, we obtain 

{(^ + a)e Al -(^ + a-l)e Ai+a _i if xx ^ 0,-1, 

— (a — l)(a + a — l)e a _i + aeo if /x = 0, 

— (a — 2)e a -2 + (a — l)(a + a — l)e_i if /x = — 1. 

Applying [L_i,i, Li, ] = -£ ,i to u gives e_i = 0. Using this and applying [L M|1 ,L 1)0 ] = 
to f _x with /x 7^ 1, we obtain (/x — l)e M _i = (/x — 2)e^_ 2 , which implies that 6^ = 
for ju ^ 0. Similarly, applying L Qj2 = ^[-^0,2, £a,o] with a 7^ to t>^, we obtain 



fa. 



(a + a)(/ - /a) if // = 0. 



Applying [L^, -^1,0] = (/x + 1)^+1,2 to v with /i ^ 0, —1, and u_i with /x ^ 0, ±1 respec- 
tively, we obtain 

Eai(/x) := /i(a + /x)(/ - / M ) - (a + l)(/i - - /x(a + /i + l)(/ - Z^+i) = 0, 
Ea 2 (/x) := (/x - - - - /„) = 0. 

Solving following linear equations on / , /±i, f±%, f±3\ 

E ai (2)=0, Eai(-2) = 0, Ea^-3) = 0, Ea^l) = 0, 
Ea 2 (2) = 0, Ea 2 (-2) = 0, Ea 2 (-3) = 0, 

we obtain f = f ±1 = f± 2 = /± 3 - Now, rewriting Ea 2 (/x) = as /if^ - ((jl - = f-i, 

we see that / M is a constant. Thus Claim 1 holds. 

Subcase 2.2: V — B a as Vir- modules. 

We prove that e M = for /x G Z, and is a constant. Then, together with (ll.lOp . 
it is easy to check that Ct>o is a submodule of V (thus Claim 1 holds). Applying L a> i = 
[Li t i, L a -i t o\ to V/j,, we obtain 

(jJ> + l)e M - /xe a+M „i if /x 7^ -a, -a + 1, 

ae_i — (a — l)(a + a — l)e_ Q if /x = —a, 

(a — l)(a + a — l)e — (a — 2)e„ a+ i if /i = —a + 1. 

Applying [L Mi i, L lj0 ] = /xL^+^i to with /x 7^ 1, and U-^-i with /x 7^ respectively, we 
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obtain 



Ebi(/i) := /x((/x + l)e_ 2 - A*e_ M _i) - /x(a + /x)e + (/i - l)e_ M = 0, 
Eb 2 (/x) := (/i + l)(/ie_i - (/x - I) (a + /x - l)e_ M ) - (a + l)((/x + l)e_ 2 - /xe_ M _i) 
-/x(/x(a + /x)e - (/x - l)e_ M ) 
= 0. 

Solving following linear equations on eo, e_i, e_2, e_3, e_4: 



we obtain e = e_i = e_ 2 = e_ 3 = e_ 4 = 0. Then Ebi(/x) = becomes (/x — l)e_ (U = 
/x 2 e_ M _i, which implies that e M = for all /x G Z. Similarly, applying L a2 = ^[L 0j2 ,L Qj0 ] 
with a 7^ to f M , we obtain 



Applying [Z^ )2 , L 1)0 ] = (ix + 1)1^+1,2 to w„ M with /x 7^ 0,±1, and with /x ^ 0,-1 

respectively, we obtain 

Eb 3 (/x) := (1 - /xX/x^ - /1) + //(/_„ - /1) = 0, 

Eb 4 (/x) := (a + l)(/_ M -i - + /x(a + /x + - //(a + /x)/_ M - /x/ = 0. 

Solving following linear equations on / , f±i, /± 2 , /j-3: 



we obtain f = f ±1 = f± 2 = f± 3 - Now, rewriting Eb 3 (/x) = as /x/_^ - (/x - = 
we see that / M is a constant. Thus Claim 1 holds. 

Subcase 2.3: V = A' 01 © Cx; as Vir-modules. 

For fi 7^ 0, we claim that e M = and / M is a constant. We also claim that eo(/i — /o) = 0. 
Then, together with (11.111) and the trivial actions of L a on u , it is easy to check that C^o 
is a quotient module of V (thus Claim 1 holds). Applying L a l = [L lt i, L a _i )0 ] to t> M , we 





(a + a)(/o-/_ a ) if/x = -a. 
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obtain 



e, 



(/x + aje^ - (fi + a- l^+^i if /x 7^ 0,-1, 
ae if /x = 0, 



— ae, 



a 



if n= -1. 



Applying [L Mil , Li )0 ] = /xL^+1,1 to with /i ^ 0, 1, and with /i 7^ —1, —2 respectively, 
we obtain 

Eci(ju) := (/x + l)e M+ i - /xe^ = 0, 

Ec 2 (/x) := (/x + l)e M+ i - /xe M + e x - 2e 2 = 0. 

Solving following linear equations on e_i, ei, e 2 , e 3 : 



we obtain e_i = ei = e 2 = e3 = 0. Then Eci(/x) = implies e M = for /x 7^ 0. Similarly, 
applying L Qj2 = ^[L 0j2 , L a)0 ] with a 7^ to u M , we obtain 



Applying [L 1)2 ,L 1)0 ] = 2L 2i2 to v_i gives /_i = fi, applying [L_ 3j2) Li |0 ] = -2L_ 2 , 2 to v x 
gives f- 2 = h- Furthermore, applying [L^ 2 ,L lfi ] = (/x + 1)1^+1,2 to u_i with /i 7^ 0,±1, 
we obtain /x/^ — (fi — 1)/ M _i = which implies = /1 for /x 7^ 0. So the first claim 
holds. At last, applying 2[Li i i,L , 2 ] = [[£1,1, £-1,2], L^o] to t> gives the second claim. □ 

To prove Theorem and (2) with g 7^ -§, by ffTTTTj) . (02]) and Lemma E2 it 

remains to prove (j!.14p (note that f l 1 . 1 3 j) can be regarded as a special case of (j!.14p ). which 
will be done by Lemmas I4.4H4.61 Our philosophy is the following: First we show that L a l 
acts as zero for a^O. Then for any (a,i) 7^ (0, — 2q), we can always choose infinite many 
/3's such that (5{2q + i) - a(q +1)^0, and so L aA = p(2q+i)-a{q+i) [ L a-p,i-i, Lp,i] must act 
as zero, which gives (11. 14ft . To prove Theorem 11.5( 3) and (2) with q — — ~, we should make 
full use of the interesting relations (II. 6p . 

Lemma 4.4 Suppose q 7^ — ~, —1 and we have case (11.121) . Then (j!.14p holds. 




Eci(-l) = 
Ec 2 (0) = 0, 




if /x = 0. 
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Proof. Fix «o 7^ and assume L aQt iv^ = G^t> ao+A1 for some £ C. We want to prove 

d ll = for all fi £ Z. (4.4) 

For convenience, we denote fi + = fi + a and \i~ — \i — a. By (11.21) . for /3, 7 £ Z, we have 

[L 7)0 , [L^ )0 , Loo.i]] = (<?0o - /?) - /?)(g(/3 + oj - 7) - 7)L 7+/3+C(0 ,i, 
[-^7+/8,0) L a0i i] = (q{a -7 -/?) -7 - /3)L 7+/S+a0)1 . 

Briefly denote the coefficients of right-hand sides by fri 1 ^ and /ij^, respectively. Applying 
the above two equations to i> M , by ( 11. 12ft we obtain 

g^^lhs = (4.5) 

where 

#ihs = ((3 + a + [i + + b-f)((a + [i + + b(3)d^- + b(3)dp +fl ) 

-(/i + + 67) ((a + /i + + 7 + bP)d 1+ft - (/i + + 7 + b/3)d J+f s +fl ), 
Oas = (a + fi + + b^ + (3))d fl - (fi + + b^ + (3))d 1+f}+fl . 

Now in (14.5p . by replacing (7,/3,/i + ) by (7,7,^-7), (7, -7,/?) and (-7, -7,^ + 7) respec- 
tively with 7 7^ and f3 £ a + Z, we obtain the following three equations: 

(tf^-/S')^-7)- +/$<v +(/^ + /$)<w = 0, 

(4^ + /^)^-^- +/i 3 7 ) )/3 d /3 - +(/ 7 is'-/_ 2 7) ^) rf (/3+7)- =0, 
where /?' = /3 + a and 



f(l) 


= g(ga + 2(1 + g)xi)(6xi 


- x 2 ){(b - l)xi - x 2 ), 


f(2) 
./ £1,2:2 


= (qa - (1 + q)x 1 )(qa - 


x 1 )((2b-l)x 1 + x 2 ), 


f(3) 

J X\,X% 


= 2q(qa - 2(1 + q)xi)(a 


+ bxi + x 2 )((l - b)xi - x 2 ), 


f(4) 


= q 2 a (bxi - x 2 )(a + (b - 


- l)xi + x 2 ), 


f(5) 

J £1,£2 


= a ((l + 3g + 2g 2 (l + 6- 


b 2 ))x 2 1 + 2q 2 (a + x 2 )x 2 ). 



for any x±,x 2 £ C. Regard (I4.6p as a system of linear equations on drg_ 7 )-, d^-, dm^-, 

r\ ATI rvr /~i r nn /"J /~iT" Avm in nnr at nnnrn m /~\ m -f" o Tirrn/^n 1 1 1 o t a *-v 1 1 

l /?,7 
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and let denote the determinant of coefficients, which is a polynomial on (3 and 7. 



Observing that the total degrees on 7 of f^ l \f^ 2 \f^ are < 3, and those of f^\f^ 
are < 2. Hence degA^ < 8. Let P(i,j) denote the coefficient of /3*7 J in A^. Direct 
computation shows 

A£ = P(0,8) 7 8 + P(l,6)/3 7 6 + P(0,6) 7 6 , where 

P(0,8) = 8o(l-o)(2o-l)g(l + g) 3 (l + 2g)a , 

P(l,6) = 2(l + g) 2 (l + 2g) (l + g - 2g 2 + 126g 2 - 126 2 g 2 ) a 2 . 

If b ^ §, then P(0, 8) 7^ and thus A^ ^ 0, which implies (@~J) holds by f fl~6l) . 
If 6 = |, then we have 

P(l, 6)| 6= i = 2(1 + g) 2 (l + 2g)(l + q + q 2 )a 2 . 

We use the symbol y—l to stand for the imaginary unit. Then the primitive cube roots 
of unity can be written as cu = — | + cu 2 = — | — ^p^. Suppose g 7^ cu, cu 2 , then 
P(l, 6)| b= i 7^ 0, which also gives (I4.4p . Now, suppose q = cu or cu 2 . Canceling the common 
term d(p +1 \- in the first two equations in (14. 6 p gives an equation (denoted A) on d^_^- and 
dp~. In A, replacing (/3,7) by (/?, 1), (/3 — 1, 1) and (/3, 2) respectively gives three equations 
(denoted B) on d( J g_2)-, drg-i)- and dp-. In B, canceling the common terms d( i g_ 2 )-, d^-i)- 
gives Fpdp- = 0, where P^ is a polynomial on (3. Let P(«) denote the coefficient of fi l in 
P/3. In particular, since «o £ Z*, we have 

H(4)\ q = w = -3(1 + ^) (24 + 16^+ (9- v^a 2 ))^^^ 
H(4)\ q=UJ 2 = -3(l-x/=3) (24-16V=3+(9 + V = 3o ; 2 ))a^o, 

each of which again implies (I4.4p holds. Hence, by our philosophy stated before Lemma 

WM flEED holds. □ 

Lemma 4.5 Suppose q 7^ — |, —1 and we nave case (11.111) . Then (I1.14p holds. 

Proof. Using a similar argument as (I4.6p . for any /3 7^ 0, ±7 (7 7^ 0), we have 

(y-^-4?J') d i9-7 +(^-7,/3 + 9yi)dp+^ = 0, 

45^_ 7 +4 5 Jd^ +/t/3^+7 = 0, (4-7) 

+ 9-]^-^ +0^,^/3 +(4^'-^- 7 ,/3')^+7 = 0. 
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where = /W| 6=1 for 1 < i < 5. Regard (14. 7p as a system of linear equations on dp-~,, 
dp, dp +1 , and denote the determinant of coefficients, Q(i,j) the coefficient of /3*7 J in 
Ag^. Then 

A^ = g(l,6) 7 6 + Q(0,6) 7 6 where 
Q(l,6) = 2(l-g)(l + g) 2 (l + 2g) 2 a 2 , 
Q(0,6) = (l-g)(l + g) 2 (l + 2g) 2 c4 

If g 7^ 1, then both Q(l,6) and Q(0, 6) are not equal to zero, and therefore A^' ^ for 
(3 7^ 0, ±7, which implies d^ = for \x ^ 0, ±7, ±27 by (14. 7p . By the arbitrariness of 7, we 
have dfj, — for all /x e Z*. If 5 = 1, by applying [L 0)0 , L aQt i] = a -^a ,i ^° u m> we obtain 
ctodfj, = 0, which also gives d^ = 0. So (I1.14p always holds by our philosophy stated before 
Lemma 14.41 □ 

Lemma 4.6 Suppose q = — |. T/ien (I1.14p holds. 

Proof. Recall that B(—j) 7> £>(— |) in the sense that B(— 5) contains the subalgebra with 
basis {L' ai = \L a ^i\a £ Z, i G Z + } isomorphic to S(— 7). By Lemma 14.31 V remains 
irreducible when regarded as a Vir-module or a B(— |)-module. By Lemmas 14.41 and I4.5[ 

for any jj m G a £ Z, we have 

L a ,2i v fi = 2L' a ^ = if % > 1. (4.8) 

Since £?(— ~) can be generated by {L 0> i,-L a 2i | a 6 Z, i G Z + }, it suffices to determine the 
action of L 01 . Suppose Lq^v^ = e^v^. We claim that e M is a constant (denoted s), which 
together with (14. 8 j) gives (I1.14p with g = — ~. 

First suppose we have case (11.121) with g = — |. For a^O, applying L a ,i = f [£0,1, £ Q ,o] 
to u^, we obtain L a ^v^ = -(a + /x + 6a) (e M — e Q , +M )f Q , +M . Furthermore, by (14. 8 j) with i = 1, 
applying L a>2 = |[L ,u £ a ,i] to gives Jyfa + (J, + 6a) (e^ - e a+M ) 2 = 0. In this equation, 
replacing (a, /x) by (1,/x), (— 1,/x + 1) and (2,/x) respectively, we obtain 

(a + /z + &)(e„ -e^+i) 2 = 0, (4.9) 
( a + /U _ &+ l)(e M - eAt+1 ) 2 = 0, (4.10) 
(a + /x + 26)(e M -e M+2 ) 2 = 0. (4.11) 
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If b ^ |, by comparing (14. 9 p and (I4.10p . then we have {2b — l)(e A1 — e M +i) 2 = 0, which 
gives the claim. If b — \ and a + | ^ Z, then the claim still holds by (14. 9 p . If b — | and 
a + | G Z, denoting /i = —a — ~, then by (14. 9 P we have, for some s, s' G C, 

f s if /i > /i + 1, 
e»={ , (4.12) 

[s if /i < /i . 

On the other hand, taking fi = fio in (14. lip gives s — s', which again gives the claim. 

Now suppose we have case (11.111) with q = — |. By similar arguments to those in 
obtaining (I4.12p . for // ^ 0, —1, we have (/i + l)(e^ — e^+i) 2 = 0, which gives, for some 
s, s' G C, 

s if > 1, 

s' if /x < -2. 

Applying L_i >2 = 2[L_i i i, L ,i] to V-2 gives 2(e_ 2 — e_i) 2 = 0, and so e_i = s'. Furthermore, 
applying L 2]2 = [Lo t i, ^2,1] to we obtain (e_i — e x ) 2 = 0, and so s = s', which gives the 
claim. □ 

Proof of Theorem \1.5V 3). By (II. lip , fll . 12 j) and Lemma I4.3[ it remains to prove (I1.14p 
with q = —1, and ( 11. 15ft . Similarly to Lemma [4.61 recall the relation B(— |) ^ B{— 1) in 
the sense that <B(— 1) contains the subalgebra with basis {L" ai = \L ai2 i \a G Z, i G Z + } 
isomorphic to £?(— |). By Lemma I4T31 V remains irreducible when regarded as a Vir-module 
or a £>(— |)-module. By Lemma [4. 6 1 for any a G Z, i > 1, we have, for some s G C, 

f if (a,i) = (0,1), 
L Q)2i ^ = 2U' ai Vy. = \ (4-13) 
I if (a,i) + (0,1) and % > 1. 

Since £>(— 1) can be generated by {L 1>l7 L ai2 i | a 6 Z, i 6 Z + }, it suffices to determine the 
action of L\±. Suppose L at iv^ = fa tfJ ,v a+ ^, and write /i )At = / M for short. 

First suppose we have case (11.121) with q — — 1. We claim that / M is a constant (denoted 
t), which, together with (I4.13p . gives fll . 15 j) . For any a, \i G Z, applying L^i = L a -i ; o] 
to gives 

/a lAt = (a + 11 + 1 + b(a - 1))/ M - (a + ^ + 6(a - l))/ a+jU _i. 
Now applying [L ,i,L Qi0 ] = 0, [L^i, = to u M gives respectively 

Ei (a, //) := (a + // + 6a) (/ 0)At - / , a +^) = 0; 
E 2 (a,fj,) := fa-i^fa+n-i — fa-i,fj,+if/j, = 0; 
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applying [L^, L lfi ] = to v a gives 



E 3 (a, := (a + fi + a + b)f^ a - (a + a + b)f^ a+l - /i/ M+ i jQ = 0. 
Solving following equations on /^i, / M _ 2 : 

E 1 (l,/i) = 0, E 1 (l,^-1) = 0, 

E 2 (0,/i) = 0, E 2 (3,/i-l) = 0, (4.14) 
E 3 (0,/i) = 0, E 3 (-l,/i+l) = 0, 

we obtain the following possible solutions: 

(i) fn is a constant for all \i £ Z, 

(ii) 6 = 0and /At = (° 

^ to if A* = —a — 1 (for some t ^ 0), 

f if —a, 

(iii) 6=1 and fu = \ 

{ ti if /x = —a (for some £i 7^ 0), 

Recall that if V = A ai j as a Vir-module, then 6 = or 1 implies a ^ Z. So cases (ii) and 
(iii) become a special case of (i), and therefore the claim holds. 

Suppose we have case (II. lip with q — — 1. We claim that = for \i £ Z*, which, 
together with (I4.13p . gives (1 1 . 1 4 [) with g = —1. Obviously, /_i = 0. By similar arguments 
to those in obtaining ( I4.14p (or equivalently taking a = 0, b = 1 in the last two equations 
on / M , with /i ^ 0, ±1 in (j03|) ). the claim holds. □ 



Remark 4.7 We can say something more about the irreducible £>(g)-module of the inter- 
mediate series for q £ 5Z* . 

(1) Using the relation B(— |) ^ <B(— |), where fc £ Z+, one can deduce that £>( — |)- 
module A' x (s) is also a i3(— |)-module for any s £ C; 

(2) Note that £>(g) is perfect if and only if q ^ |Z!_. So, by Theorem II. 5| an irreducible 
£>(g)-module of the intermediate series is a trivial extension from an irreducible Vir- 
module of the intermediate series if and only if B(q) is perfect. 
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